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When traditional accounting of revenues and costs is used in supply-chain (SC) optimizing models, there
is no economic incentive to ship goods that would reach their destinations for downstream sales beyond
the planning horizon. Imposing lower bounds on ending inventories is the standard remedy used to
ensure that sufficient goods are on hand to support future business. It is possible, however, to refine the
planning objective with a “value-added” component to provide a fuller representation of the economic
value of SC activities. Planning can occur with shorter horizons. The planning process becomes more
analytically tractable, and better solutions emerge.

INTRODUCTION

Mathematical optimization and discrete-event simulation can be used in concert to shape SC
strategies and plan SC activities. Inferences drawn from both analytical approaches, however, can be
quite sensitive to the choice of time horizon, cost-allocation methods, and the timing of recognition of
value-added activities. Especially when these techniques are used with a rolling planning horizon, there
are challenges of linking future plans to current operations, and revising plans as events unfold. There is
a risk of making decisions which enhance performance in a particular time frame but leave the firm
poorly positioned for future business.

When traditional accounting of revenues and costs is used in SC optimizing models, there is no
economic incentive to ship goods that would reach their destinations for downstream sales beyond the
planning horizon. Most SC optimization models (e.g., Ciarallo et al., 1994; Wang and Gerchak, 1996;
Sabri and Beamon 2000; Lee and Kim, 2002; Leung et al., 2006; Lin and Chen, 2009; You et al., 2009;
Cardoso et al., 2015 etc.) ignore this issue. Perhaps the authors assume implicitly that lower bounds will
be placed on ending inventories to support a continuing enterprise. Such bounds would typically be set
with consideration of the costs of carrying inventory (including spoilage) against the costs of failing to
satisfy future (stochastic) demands.

In this paper, we employ mathematical optimization and discrete-event simulation to demonstrate how
incorporating a “value-added” component in the planning objective can provide a fuller representation of
the economic value of SC activities. With that enhancement, planning can occur with shorter horizons;
the planning process becomes more analytically tractable; and better solutions emerge.
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Modeling in this fashion, one employs accounting with a performative rather than ostensive perspective
(Boedker, 2010). The effects on performance, however, are assessed using traditional accounting
methods.

THE SIMULATION STUDY

The illustrative SC (Figure 1) represents the flow of material from raw-material suppliers to
manufacturing facilities where material is processed, and finally to warehouses from which product is
delivered to customers. Costs of raw materials are recognized when they are shipped from the suppliers.
Manufacturing costs are recognized upon completion of finished goods at the manufacturing sites.
Shipping costs are recognized when goods are shipped. Carrying costs for inventories and goods in transit
are recognized daily.

FIGURE 1
SUPPLY CHAIN STRUCTURE

'S6
SUPPLIERS FACILITIES WAREHOUSES AGGREGATED DEMAND PW{W}

Our experimental SC has six suppliers of raw material for three production facilities that produce six
bulk products which are distributed through six warehouses. Customer demands for products are
aggregated daily at the individual warehouses. The locations of suppliers, production facilities, and
warehouses are assumed to be fixed and transportation of raw materials and finished goods is assumed to
be done by third-party logistics (3PL) providers (thus avoiding the issue of consolidating orders for
distributional efficiency). The research was designed for an actual enterprise, but to preserve
confidentiality, simulation parameters were chosen from other published cases (Tsiakis et al., 2001).

We utilize a discrete-event simulation model with an embedded optimizer to perform iterative updates
to the plan with a rolling planning horizon over 90 days. The hybrid model is constructed on the
Statistical Analysis System (SAS) 9.4 platform. This modeling approach allows us to include stochastic
elements and recognize uncertainties in the SC. The analytical model is developed with the following

assumptions:
1. The managerial goal is to maximize net contribution to profit as measured by traditional
accounting methods.
2. Inventory replenishment occurs at the end of each business day.
3. Customer demands for products at the warehouses are registered at the beginning of each
day.
4. Risk of disruptions from suppliers are independent of each other.
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5. Each production facility can produce all products, ship products to all warehouses, and
perform alternative delivery of finished goods via expedited shipping (with extra costs) when outages
occur at the warehouses.

Planning occurs within the framework of the SC operations reference (SCOR) model. It encompasses
activities from shipment of raw material to delivery of finished goods (Bolstorff and Rosenbaum, 2007;
Zhou et al., 2011). Daily production at plants, shipments to warehouses, and deliveries to customers are
determined by a mixed-integer programming (MIP) model with consideration of production capacities,
lower and upper inventory limits at plants and in warehouses, transit times to warehouses, and the
opportunities to ship directly from production facilities to the customer (at higher cost) or accepting lost
sales in the event of stockouts at the warehouses. The MIP model is provided as an appendix. With the
simulation model, one can experiment with different planning horizons, intervals for updating plans, start-
up conditions, future demands, shipping times, etc.

Our base case involves the use of standard cash-flow accounting of costs and revenues with a penalty
for lost sales. The corresponding MIP objective function is composed as follows.

Standard Objective Function:

Maximize [ Net Profit Contribution = (Profit contribution from warehouse deliveries + Profit
contribution from alternative deliveries — Costs of lost sales — Product inventory holding costs at plants
and warehouses — Raw material inventory holding costs at plants — Product inventory shortage costs at
plants and warehouses — Raw material inventory shortage costs at plants — Product inventory
overstocking costs at plants and warehouses — Raw material inventory overstocking costs at plants —
Product shipping costs — Product in transit costs — Raw material shipping costs — Raw material in transit
costs — Plant setup costs — Plant idle costs) |

With such an objective, there is no incentive in the optimizing model to ship goods to a warehouse if
the goods would not reach the warehouses in time to realize revenue from sales to customers (except to
meet constraints imposed on ending inventories). To deal with the problem of truncated activity, we can
add a value-added component in the objective function as follows.

We still recognize revenues from all deliveries to customers when they occur from the warehouse and
when they are delivered directly to customers from the manufacturing plant. In the optimizing model,
however, we additionally recognize the anticipated profit contributions from goods which will be sold
beyond the planning horizon. As an approximation for this in our model, we include potential revenues
for shipments that occur from production facilities to warehouses if they occur within the minimum
downstream lead time plus one day of the end of the planning horizon.

Value-Added Objective Function:

Maximize [Net Profit Contribution = (Profit contribution from warehouse deliveries to customers +
Profit contribution from alternative deliveries + Expected profit contribution from shipments to
warehouses within the minimum downstream lead time plus one day of the end of the planning horizon —
Costs of lost sales — Product inventory holding costs at plants and warehouses — Raw material inventory
holding costs at plants — Product inventory shortage costs at plants and warehouses — Raw material
inventory shortage costs at plants — Product inventory overstocking costs at plants and warehouses — Raw
material inventory overstocking costs at plants — Product shipping costs — Product in transit costs — Raw
material shipping costs — Raw material in transit costs — Plant setup costs — Plant idle costs) |.

To assess the impact of optimizing with one formulation versus another, we conduct 25 replications
for each planning scenario with 90 days of simulated activity (an entire season) using a rolling
optimization horizon. We revise schedules at the end of each simulated day to offer maximum
responsiveness to immediate demands. MIP solutions for the first day’s activity are used to induce
production, flows of finished goods, orders from warehouses and orders of raw material in the simulation
model.

The first period’s product demands are presumed to be known with certainty. The simulation model
generates product demands and delivery dates randomly, implements the first day of the MIP solution,
and updates datasets that represent the new states of the system including finished goods in transit and
raw materials in transit. Randomly generated delivery dates for raw materials and finished goods are set
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when simulated orders are placed and goods are shipped. They are not altered as successive iterations
occur on the rolling horizon. The following information is used for subsequent daily revisions to the plan:
Raw material inventory level at each plant

Outstanding orders of raw materials at each plant

Raw materials in transit to each plant

Amount of each product produced at each plant

Finished product inventories at each plant

Finished product inventories at each warehouse

Outstanding orders of products at each warehouse

Finished products in transit at each warehouse.

The MIP model uses this information each simulated day as its new initial conditions and re-solves
the problem for the fixed number of days in the planning horizon (e.g., Day2 to Day 16 in the second
iteration of a 15-day planning horizon). This iterative process continues until we reach the end of the
planning horizon (where the solution is developed for Day 90 to Day 104 and just implemented for Day
90). The optimization model and simulation models are thus used in concert to develop SC plans that
attempt to maximize the net profit contribution while controlling for risk.

R N

EXPERIMENTAL RESULTS

The SC under study has a theoretical planning horizon of at least 18 days (the expected total time
required from shipment of raw material to the delivery of finished products from the warehouses. To
demonstrate the effect of using the two versions of the MIP model with different planning horizons, we
perform the simulation with 10-day and 20-day planning horizons and generate quarterly reports of
simulated activity. Table 1 summarizes financial performance from simulations using the MIP with the
standard objective function (STDOBJ) for 10-day planning horizon (H10) and 20-day planning horizon
(H20). Note that shortening the planning horizon with the standard objective from 20 days to 10 days
resulted in a 12% decrease in average daily profit (from $18,299 to $16,114).

TABLE 1
AVERAGE DAILY NET PROFIT CONTRIBUTION WITH STDOBJ

Daily Net Profit Contribution Statement Daily Net Profit Contribution Statement
for 90-day period with H10 for 90-day period with H20
s s $ S
GROSS PROFIT CONTRIBUTION 17,154.10 GROSS PROFIT CONTRIBUTION 19,269.27
Products sold at warehouses 17.154.10 Products sold at warehouses 19,269.27
PLANT EXPENSES 1,040.18 PLANT EXPENSES 960.89
Finished Product Inventory Costs 9.34 Finished Product Inventory Costs 10.26
Finished Product in Transit Costs 17.70 Finished Product in Transit Costs 22.40
Raw Material Inventory Costs 33.11 Raw Material Inventory Costs 39.37
Raw Material in Transit Costs 22.44 Raw Material in Transit Costs 31.64
Raw Material Shipping Costs 449.50 Raw Material Shipping Costs 416.22
Idle Costs 58.49 Idle Costs 0.00
Setup Costs 449.60 Setup Costs 450.00
MET PROFIT CONTRIBUTION 16,113.92 NET PROFIT CONTRIBUTION 18,299.38

In Table 2, we show the results when the MIP optimization occurs with the value-added component
included in the objective function. Note how dramatically better the simulated performance was when the
planning horizon was shorter than the total time cycle time for goods to be shipped from the warehouses.
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A little surprisingly, simulated performance with the value-added objective was slightly superior even
when the planning horizon was lengthened to 20 days.

TABLE 2
AVERAGE DAILY NET PROFIT CONTRIBUTION COMPARISON WITH VAOBJ
Daily Net Profit Contribution Statement for 90-day period Daily Net Profit Contribution Statement for 90-day period
with VAOBJ and H10 with VAOBJ and H20
s s s s

GROSS PROFIT CONTRIBUTION 19,629.55 GROSS PROFIT CONTRIBUTION 19,748.32
Product sold at warehouses 19 629.55 Product sold at warehouses 19 748.32
PLANT EXPENSES 1,045.27 PLANT EXPENSES 987.97
Finished Product Inventory Costs 10.32 Finished Product Inventory Costs 10.47
Finished Product in Transit Costs 22.93 Finished Product in Transit Costs 24.37
Raw Material Inventory Costs 38.04 Raw Material Inventory Costs 39.25
Raw Material in Transit Costs 26.00 Raw Material in Transit Costs 30.82
Raw Material Shipping Costs 497.98 Raw Material Shipping Costs 433.06
Idle Costs 0.00 Idle Costs 0.00
Setup Costs 450.00 Setup Costs 450.00
NET PROFIT CONTRIBUTION 18,584.28 NET PROFIT CONTRIBUTION 18,760.35

Finally, we test the robustness of this finding under situations where the system may be recovering
from downstream disruptions. We randomly set 20% of finished-product inventories at warehouses to
zero at the beginning of the planning horizon for each replication. Such situations might occur from
damage in processing or shipment or following surges in demand due to interruptions in supply chains of
competitors. All other initial conditions were the same as in the previous simulations. Outages could
occur in any product-warehouse combination and the amounts of other inventories held in the system
could be any value between min and max at beginning of each replication. The results in Table 3 show
expected deterioration in average performance under each of the four scenarios but the benefits of the
value-added approach persist.

TABLE 3
COMPARABLE AVERAGE SC FINANCIAL PERFORMANCE WITH DISRUPTIONS
Daily Net Profit Contribution Statement for 90-day period
Scenario Two STDOBJ and H10 VAQBI and H10 STDOBJ and H20 VAOBIJ and H20
S S 5 S S g S S
GROSS PROFIT CONTRIBUTION 15,189.62 18,611.58 18,127.16 18,620.75
Products sold at warehouses 15,189.62 18,611.58 18,127.16 18,620.75
PLANT EXPENSES 1,045.40 1,045.36 971.10 987.78
Finished Product Inventory Costs 919 10.33 10.26 10.49
Finished Product in Transit Costs 17.03 2315 2241 24.53
Raw Material Inventory Costs 33.94 38.00 39.36 3997
Raw Material in Transit Costs 22.46 26.02 31.60 30.79
Raw Material Shipping Costs 444.50 497.86 417.47 432.70
Idle Costs 68.48 0.00 0.00 0.00
Setup Costs 449.80 450.00 450.00 450.00
NET PROFIT CONTRIBUTION 14,144 22 17,566.22 17,156.06 17,632.97
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Further insights about SC performance can be obtained from statistical analysis of simulated
performance at the product level. For that analysis, we produced the following performance metrics:

e Average daily gross profit contribution
Average daily product deliveries from warehouses
Average daily product shipments to customers from plants
Average daily lost sales for each product
Percentages of product demands satisfied from warehouse deliveries
Average supply chain service level for individual products
Average daily production of each product (across all plants)

Average daily warehouses warehouse inventory in days of demands
Average ending inventory (in days of demand for each product) upon completion of simulated
activity

e Average total plant finished inventory (in days of total demand for each product)

e Average total plant end finished product inventory in days of demands.

Ending inventories are important to consider because they position the firm for ongoing operations
beyond the simulated period. Statistics for overall SC performance on all eleven metrics are presented at
the product level in Table 4 for scenarios with the downstream supply disruptions.

Table 4 reveals how the value-added complement to the optimization model’s objective function
improves products’ daily gross profit contribution, increases warehouse deliveries to satisfy customer
demands, reduces alternative (more expensive) deliveries and lost sales, and improves warehouses’
product service level. More products are being produced across production facilities. For the same length
of planning horizon (H10 or H20), more buffer inventories were held in the system when value-added
complement to the objective function was used. Statistical analysis of the findings using ANOVA and
pairwise comparisons with Duncan’s multiple range tests on all eleven metrics (not shown here) affirm
that our findings demonstrate systematic rather than random benefits in employing the value-added
complement in the MIP formulation.

Journal of Accounting and Finance Vol. 18(3) 2018 85



TABLE 4
PRODUCT-LEVEL PERFORMANCE STATISTICS WITH DISRUPTIONS

Summary Statisties for Quarterly Product-leved Supply-Chain Metrics in 25 Replications
Secenario Two 10-Day Planning Horizon and STD_Objective

Summary Statistics for Quarterly Product-level Supply-Chain Metrics in 25 Replications
Seenario Two 10-Day Planning Herizon and VA _Objective

Summary Statistics for Guarterty Product-level Supply-Chain Metrics in 25 Replications
Scenario Two 20-Day Planning Horizon and 5TD_Cbyjective
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CONCLUSION AND FUTURE RESEARCH

It is generally recognized that choice of accounting standards (Sepehri and Houmes, 2011; Sedki et
al., 2014), capital structure (Cole et al., 2015), and inventory strategies (Frankel & Hsu, 2015) all have
significant impacts on corporate financial performance. Similarly, solutions from models designed to
optimize supply chains can be quite sensitive to the ways that revenues and costs are recognized. In this
research, we have demonstrated how SC performance can be sensitive to the length of the planning
horizon when standard cash-flow accounting of costs and revenues is employed in a SC optimizing
model. Use of an optimizing model can be counterproductive if planning occurs with too short a planning
horizon. Our alternative formulation with a value-added complement proved to be an effective antidote
which enabled MIP optimization to be employed with shorter planning horizons. The advantages of our
alternative formulation persisted when downstream inventory outages were imposed randomly at the
beginning of the planning horizon.

In future research, the SC under investigation will be stressed by incorporating additional disruptions
upstream and at plants. With our blend of simulation and optimization, we shall test the effectiveness of
combining routine SC risk reduction strategies with strategies for managing adverse events.
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APPENDIX

Set notation employed

Set Description

R{r} Set of raw materials

S{s} Set of suppliers

F{f} Set of production facilities

P{p} Set of products

W{w} Set of warehouses

D{d} Set of days in planning horizon

SR {r} Set of suppliers for raw material r

RP{p} Set of raw materials used in producing product p
PF{f} Set of products produced in production facility f
PR{r} Set of products require raw material r for production
RF{f} Set of raw materials used in producing products at production facility f
PW{w} Set of products distributed through warehouse w
WP{p} Set of warehouses to which product p is delivered

DRMS {r, s, f}  Set of days raw material r from supplier s to arrive at production facility f
DFGS {p, f, w} Set of days product p from production facility fto arrive at warehouse w

Optimization Model Parameters

Parameter Description

mrRP, Units of raw material r required to produce one unit of product p
mininvP,F¢ Minimum inventory of product p desired at production facility f
maxinvP F¢ Maximum inventory of product p desired at production facility f
mininvR,F¢ Minimum inventory of raw material r desired at production facility f
maxinvR,F¢ Maximum inventory of raw material r desired at production facility

ShtPenaltyR,Fy  Inventory shortage cost/unit/day of raw material r at production facility f
ShtPenaltyP,F;  Inventory shortage cost/unit/day of product p at production facility f
ShtPenaltyP,W,, Inventory shortage cost/unit/day of product p at warehouse w
OvrPenaltyR;F¢  Inventory overage cost/unit/day of raw material r at production facility f
OvrPenaltyP,Fy  Inventory overage cost/unit/day of product p at production facility f
OvrPenaltyP,W,, Inventory overage cost/unit/day of product p at warehouse w

mininvP,W,, Min inventory of product p at warehouse w (including outstanding orders)
maxinvP,W,, Max inventory of product p at warehouse w (including outstanding orders)
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dempwhse,, Assigned aggregated average daily demand for product p at warehouse w
shiptimeFW,, Shipping time (days) from production facility f to warehouse w
shiptimeS;Fy¢ Shipping time (days) from supplier s to production facility f

spcFy

Setup costs at production facility f each day that production occurs

pcP,Wy Unit profit contribution of product p delivered from warehouse w
scPFiW,, Cost per unit of product p from production facility f to warehouse w
scR;S¢Fy¢ Cost per unit of raw material r from supplier s to production facility f
scP,W,, Shipping cost per unit of product p from warehouse w to customer

icP F¢ Inventory carrying cost for finished product p at production facility £
icRFy¢ Inventory carrying cost of raw material r at production facility f

itcP FrW,, In transit cost/unit of product p from production facility f to warehouse w
itcR,S¢F In transit cost/unit of raw material r from supplier s to production facility f
acP, FrWy, Alt. supply cost/unit of p from production facility f to warehouse w

icP, Wy, Inventory carrying cost for product p at warehouse w

opcostP, Wy, Unit opportunity cost of lost sales for product p at warehouse w
DemP,WDgy Demand for product p (units) at warehouse w on day d

sutimeP,Fy Product p production setup time at production facility f

idlePenF¢ Idle penalty cost per hour at production facility f

MxprodF¢ Maximum daily throughput (units) at production facility f

minsysinvP, Desired min system inventory of product p (across all production facilities)
maxsysinvP, Desired max system inventory of product p (across all production facilities)

The algebraic formulation of the problem is presented below:

Max
dep{d} \ we

( pcP,W,, — scP,W,) * DelP,W,,Dy
wi{w} pePw{w}
+ Z (pcP,W,, — acB,FsW,, ) * AltP,F;W,,Dy — opcostP,W,, * LSP,W,, Dy — icP,W,,
FEFTF)

+ Inv B,W,, D4 — ShtPenaltyP,W,, * USP,W,,D, — OvrPenaltyP,W,, x OSP,W,,D,

- Z (ichFf * InvB,F;Dgq + ShtPenaltyP,F; * USPB,F;Dyq + OvrPenaltyP,F;
FeF(r} | vepPip}
* OSP,F:Dy + Z (scPyFsW,, x ShpP,FsW,,Dy + itcP,F; W, * TerFfWWDd)) + spcFy
wew{w}

* SUFfD4 + idlePenFy * idleFs Dy

+ Z iCR.Ff * InVR,.F; Dy + ShtPenaltyR, Fy x USR,FfDgq + OvrPenaltyR, Fr
rERP{p}

* OSR,F;D, + Z (ScR,SsFs * ShpR,SsFsDy + itcR,SFy TrRTSSFfDd)>
SESR{r}
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Subject to the following constraints:
Product p can’t be produced at production facility f on day d unless the necessary set up is completed
(constraint STP,FDy). For each production facility and day for each p € PF{f},

ProdP,FiDq < MxprodP,F; * SUP,FDg. (1)
Consumption of raw materials r at production facility f on day d cannot exceed the quantities

available at beginning of day d (constraint UBR;F{D,). For each production facility and day for each
p € PR{r} and each r € RF{f},

mrR, P, x ProdP,F¢Dgq < InvR,FDg. Q)
PEPR{r}

Notice that if units of raw material r required to produce each unit of product p are significantly
different across production facilities because of labor, technology, or machinery etc., then raw material
conversion rates could be defined as mrR,P,F. For this research, we assume that there is no significant
difference or bill of materials for product p produced at each production facility. This constraint also
assumes that raw materials received during the day will not be available for production until the next day.

Sum of production times used on day d at production facility f cannot exceed total available operating
time (constraint TPRODFDy). For each production facility and day,

Z ( (@) * ProdP,F¢Dq + sutimeF¢ * SUF{D4 + IdleFfDd> = 8 * maxshifts 3)
pEPF(f}
SUFDy = [0,1]. If setup times are negligible, these binary constraints may be relaxed.
Production of product p at production facility f on day d cannot occur unless the production facility is
activated for production on that day (constraint FSUF¢Dy). For each production facility and day for each

p € PF{f},

SUP,FDg < SUF(Dg. )
pEPF{f}

SUP,FDy values attribute set up time to the production of individual product. If separate set up were
required for each product, these equations would be replaced with sets of equations for set up of
individual product. For this research, we assume that there is a single setup required if a production
facility is to be activated for production during the day. SUP,FiDy in this formulation allocates production
capacity to individual products. We, therefore, add a constraint that creates a single binary variable for
each production facility during the day that accounts for setup to activate and shut down the production at
production facility.

Raw materials inventory balance at production facility f (constraint IBR,F{Dy). For each production
facility and day for each r € RF{f} and each s € SR{r},

InvR,F¢Dgy1 = InvR . FfD4q — Z mrR.P, * ProdP,F¢Dgq + Z (ShpR.S¢FeDg_g(s,n + ItsR.SsFeDyg) (5)
pePR{r} SESR{r}
Note that the ItsR.S;FfDy4 variables are defined only for (r, s, f, d) combinations where there are raw
materials in transit at beginning of the planning horizon and are scheduled to arrive at production facility f
on day d for each d € DRMS{r,s, f}.

Place order of raw material r at beginning of day d to ensure safety stock at production facility f
(constraint MNOR,FDy). For each production facility and day for each r € RF{f} and each s € SR{r},

(OR,S,F;D4 + OOR,S,F;Dy) + InvR,F;D4 > mininvR,F; — USR,F;Dy_;. 6)
SESR{r}
Note that under storage of raw materials could occur at the beginning of Day 1.
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Restrict order of raw material r at beginning of day d to prevent overstock at production facility f
(constraint MXORFDy). For each production facility and day for each r € RF{f} and each s € SR{r},

(OR,S.F¢D4 + OOR,S.F;Dy) + InvR,F;Dy < maxinvR,F; + OSR,FDg_;. %)

seSR{r}
Note that over storage of raw materials could occur at the beginning of Day 1.

Update under storage (constraint AUSR,F{Dy) and overstocking (constraint AOSR;FDy) of raw
material r at production facility f at the end of day d. For each production facility and day for each
r € RF{f} and each s € SR{r},

InvR,FDg4 + USR,FDq — z mrR,P, * ProdP,FiDy + Z (ShpR,SsFeDg_p(s,p) + ItsR;SsFDg) = minInvR,Fy.

pEPR{r} SeSR{r} (8)
InvR,FfDgq — OSR,FDgq — Z mrR,P, * ProdP,F¢Dy + Z (ShPR;SsFDg-o(s ) + ItsR;SsFDa) < maxInvR:Fr.  (9)
pePR({r} SESR{r}

Note that the ItsR.S;FfDy variables are defined only for (r, s, f, d) combinations where there are raw
materials in transit at beginning of the planning horizon and are scheduled to arrive at production facility f
on day d for each d € DRMS{r,s, f}.

Total units of raw material r shipped from supplier s at the end of day d to satisfy orders
acknowledged from production facility f at beginning of that day (constraint DLVR,S;F{Dy). For each day
and each s € SR {r} for each production facility,

ShpR,S;FDg = OR,S,F{Dy. (10)

Update outstanding orders of raw material r at production facility f at beginning of day d (constraint
OOUR;,S:FDy). For each production facility and day for each r € RF {f} and each d € DRMS{r, s, f},
OORrSSFfDd+1 = OORI-SSFfDd + ORrSSFfDd - ShpRrSSFfDd—G(S,f) - ItSRrSSFfDd. (1 1)

Note that the ItsR.S;FfDy variables are defined only for (r, s, f, d) combinations where there are raw
materials in transit at beginning of the planning horizon and are scheduled to arrive at production facility f
on day d for each d € DRMS{r, s, f}. OOR,;S;F{D; should include sum of the ItsR,S;FrDg values for each
day with scheduled arrivals.

Update raw materials in transit from supplier s to production facility f (constraint RITR,S;FD,) at
beginning of day d. For each production facility and day for each r € RF{f} and eachd €
DRMS{r,s, f},

TrRSsFDgs1 = TrR,SsFDg + ShpR,SsFiDg — ShpR,SsFDy_g(s,r) — ItsR SFiDg. (12)

Note that the ItsR,S;FfDy variables are defined only for (r, s, f, d) combinations where there are raw
materials in transit at beginning of the planning horizon and are scheduled to arrive at production facility
on day d for each d € DRMS{r,s, f}. TrRrSsFFD; is set to sum of the ItsR,;S;F{D, values for each day
with scheduled arrivals of raw materials.

Place order for product p at the beginning of day d to ensure desired safety stock at warehouse w
(constraint MNOP,W,,Dy). For each warehouse and day for each p € PW{w},

Z (OP,FW,,Dq + 00 P,F;W,,Dy) + InvP, W, Dg = mininvP,W,, — USP,W,,Dy_;. (13)
feFif}
Note that under storage of products can occur with associated penalty.

Restrict order of product p at the beginning of day d to prevent overstock at warehouse w (constraint
MXOP,W,Dy). For each warehouse and day for each p € PW{w},

(OP,FW,,Dy + 00 P,FW,,Dy) + InvP,W,,Dg < maxinvP,W,, + OSP,W,,Dg_;. (14)
feF{f}
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Note that over storage of products can occur with associated penalty.

Produce sufficient product p across plants to cover orders and provide production system-wide safety
stocks (constraint MNSYSP,Dy). For each day for each product across all plants,

(Prod P,F¢Dgq + InvP,FiD4) = Z Z OP,FfW,,Dq + minsysinvP,. (15)
fEF(f} fEF(f} wePW{w}

Restrict production of product p across plants on day d to prevent overstock in the production system
(constraint MXSYSP,Dy). For each day foreach product across all plants,

z (Prod B,F¢Dg + InvP,FiDy) < z z OP,F{W,,Dq + maxsysinvP,. (16)
feF{f} feF{f} wePW{w}

Ship sufficient finished goods from production facility f to cover orders placed at warehouse w on
day d (constraint DLVP,F{WDy). For each production facility and day for each p € PF{f} and each
p € PW{w},

ShpP,F{W,,Dq = OP,FW,,D. (17)

Update over storage (constraint AOSP,FiDg) and under storage (constraint AUSP,FDy) of product p
at production facility f at the end of day d. For each production facility and day for each p € PF{f} and
each p € PW{w},

InvP,F¢Dg — OSP,F¢Dy + ProdP,FeDy — Z (ShpP,F¢W,,Dg + AltP,FfW,,Dy) < maxInvP,Fy. (18)
WEWP{p}

Il’lVPp FfDd + USPprDd + PrOdeFfDd - Z (ShpPprWWDd + Altpp FfWWDd) > minlnvaFf. (19)
weWP{p}

Limit shipments of product p from production facility f to warehouses on day d to the amount
available in production facility inventory (constraint SLP,FrDy). For each production facility and day for
each p € PF{f} and each p € PW{w},

(ShpP,F¢W,,Dg + AltP,FfW,,Dy) < InvP,F¢Dy. (20)
weWP{p}

This also implies that production of product p during day d will not be available for delivery until the

next day.

Account for inventory balance of products at production facility f at the end of day d (constraint
IBP,FDy). For each production facility and day for each p € PF{f} and each p € PW{w},

InVPprDd+1 = InVPprDd + ProdeFfDd - Z (ShpPprWWDd + AlthFfWWDd). (21)
weWP{p}

Deliver goods from warehouse or alternative source (production facility) to satisfy customer demand
and acknowledge lost sales if inventory is insufficient (constraint DLVP,W,Dy). For each warehouse and
day for each p € PW{w},

DelP,W,,Dg + LSP,W,, Dy + Z AltP,FiW,,Dq = DemP,W,,Dg. (22)
feF{f}

Account for inventory balance of product p at warehouse w recognizing inbound shipping delays
(constraint IBP,W,,Dy) at the end of day d. For each warehouse and day for each p € PW{w},

InvP,W,,Dgy; = InvP,W,,Dgq — DelP, W, Dg + Z (ShpP,FW,, Dg_ssw) + ItsP,FfW,,Dy). (23)
fEF(f)
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Note that the ItsP,FrWyDy variables are defined only for (p, f, w, d) combinations where there are
finished goods in transit at the beginning of the planning horizon and are scheduled to arrive at warehouse
w on day d for each d € DFGS{p, f,w}.

Update over storage (constraint AOSP,W,Dy) or under storage (constraint AUSP,W,Dy) of product p
at warehouse w at the end of day d. For each warehouse and day for each p € PW {w},

InvP,W,,Dy + USP,W,,Dyq — DelP,W,,Dy + Z (ShpPB,FrWy Dy-s(gw) + tsBpFrW,,Dg) > mininvB Wy (24
feF(f}
InvP,W,, Dy — OSP,W,, Dy — DelP,W,,Dq + Z (ShpP,FeW,,Dy_s () + ItsP,FfW,,Dg) < maxinvP,W,,. 25)
feF{f}
Note that the ItsP,FrWwDy variables are defined only for (p, f, w, d) combinations where there are
finished goods in transit at the beginning of the planning horizon and are scheduled to arrive at warehouse
w on day d for each d € DFGS{p, f,w} .

Update outstanding orders for product p at warehouse w at the end of day d (constraint
OOUPFrW,Dy). For each warehouse and day for each p € PW{w} and each d € DFGS{p, f,w}.
OOP,F{W,,Dg,; = OO, FW,,Dg + OP,F{W,,Dg — ShpP,FeWy, Dg_ss) — [tsP,FiW,,Dg. (26)

Note that the ItsP,FrWwDy variables are defined only for (p, f, w, d) combinations where there are
finished goods in transit at the beginning of the planning horizon and are scheduled to arrive at warehouse
w on day d for each d € DFGS{p, f,w}. OOP,FxW,D; should include sum of the ItsP,FrWyDjy values for
each day with scheduled arrivals.

Update finished goods in transit to reflect shipments and receipts (constraint GITP,F:W,Dy) at the
end of day d. For each warehouse and day for each p € PW{w} and each d € DFGS{p, f,w},
TI'PprWWDd+1 = TerFowDd + SthFowDd - ShpPprWwa_S(f’w) - ItSPprWWDd. (27)

Note that the ItsP,FrWwDy variables are defined only for (p, f, w, d) combinations where there are
finished goods in transit at the beginning of the planning horizon and are scheduled to arrive at warehouse
w on day d for each d € DFGS{p, f, w}. TrP,F{WD; is set to sum of the ItsP,F;WyDq values for each day
with scheduled arrivals.

As formulated with the warehouse inventory balance constraint (23), products that arrive in a day
may be cross-docked and shipped out immediately if there is demand for them on that day rather than
putting them into inventory. Such shipments could be delayed until the next day by adding a constraint
(constraint CDP,WwDy) that delivery of product p at warehouse w in a day can’t exceed the beginning
inventory of that product in that day. For each warehouse and day for each p € PW{w},

DelP,W,,Dg < InvP,W,,Dy. (28)

All variables are nonnegative. To facilitate extraction of the solution in the report generator, we
define variable ARRP,FfWywDy to be the finished goods shipped from all production facilities that arrive
at the warehouse in day d which will be shipped in this planning horizon and establish their equality in
constraints that define inbound freight (constraint IBP,FiWwDg). We also define variable ARRRSFDq to
be the amount of raw material r shipped from supplier s to arrive at production facility f on day d. They
are set equal to the corresponding outbound shipments as follows (constraint IBR,SFDy),

ARRPprWWDd = ShpPprWWDd_a(f‘w). (29)

ARRRI-SSFfDd = ShpRrSSFfDd—G(S,f)' (30)

Note that variables of ItsP,FiWwDy and ItsRrSsFfDd represent goods in transit to arrive as a result of
initial conditions, while that of ShpPpFfWyDd and ShpR, S FD, indicate when goods arrive from
shipments in the current planning frame.
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